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Motivation

Definition

A partition, λ, of a natural number n is a finite non-increasing
sequence of positive integers b1, b2, . . . , br such that

∑r
i=1 bi = n.

Definition

The partition function p(n) := # of partitions of n.

Example: Partitions of 5

5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1,

2 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1

so p(5) = 7.
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Motivation

The generating function for p(n) is given by∑
n≥0

p(n)qn.

We can relate this to modular form known as the Dedekind eta
function by the equation

∑
n≥0

p(n)qn =
q1/24

η(z)
,

where z ∈ H, q = e2πiz, and

η(z) := q
1
24

∏
n≥1

(1− qn).
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Motivation

One can think of modular forms as a certain generalization of
periodic functions on R.

A discrete subgroup rZ ≤ R acts on R
by translation and

f : R → R is k-periodic

⇐⇒
f(γ + x) = f(x) for all γ ∈ rZ, x ∈ R.

Analogously, a discrete subgroup Γ ≤ SL2(Z) acts on H by
linear fractional transformations and

f : H → C is a modular form

⇐⇒
f(γz) = ϵ(a, b, c, d)(cz + d)kf(z) for all γ ∈ Γ, z ∈ H

(plus a holomorphicity and growth condition on f).
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Motivation

Using this relation between p(n) and η(z) along with the
modularity properties of η(z), Hardy and Ramanujan proved
that p(n) is approximately

1

4n
√
3
e
π
√

2n
3

for large n.
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Motivation

More specifically, the Dedekind eta function is a modular form
of weight 1/2 and satisfies the transformation law

η

(
az + b

cz + d

)
= ϵ(a, b, c, d)(cz + d)

1
2 η(z),

where

ϵ(a, b, c, d) :=

{
e

biπ
12 , c = 0, d = 1

eiπ(
a+d
12c

−s(d,c)− 1
4), c > 0.
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Background

Our research involves a certain generalization of the classical
Dedekind sum which also arises from a modular form. We call
this generalization the newform Dedekind sum and denote it by
Sχ1,χ2(a, c).
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Background

A lot of work has been done on the value distribution of the
classical Dedekind sum. This includes questions about how
frequently s(h, k) can be large, for instance.

On the other hand,
little is known about the value distribution of Sχ1,χ2(a, c).
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Background

Corbett and Young recently studied the frequency of large
values of the newform Dedekind sum. For C,α > 1, define

F (α,C) := #{(a, c) ∈ S : |Sχ1,χ2(a, c)| > α log3C},

where S is the collection of points
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Background

Theorem (Corbett, Young)

For large C,

F (α,C) ≪χ1,χ2

C2

α
+ C2 log logC

logC
. (1)

The value of F (α,C) depends heavily on α, but if α≫ logC
log logC ,

then (1) becomes

F (α,C) ≪χ1,χ2 C
2 log logC

logC
, (2)

which is independent of α. This suggests that this theorem is
not particularly effective for large values of α.
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Background

We want a result that works well for large values of α. Studying
the higher moments of Sχ1,χ2(a, c) is one way to do this.

My
research involves finding an upper bound for the even moments
of the newform Dedekind sum∑

a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r.
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Definition of Sχ1,χ2
(a, c)

We now formally introduce the newform Dedekind sum
Sχ1,χ2(a, c). Let χ1, χ2 be primitive Dirichlet characters modulo
q1, q2, respectively, with χ1χ2(−1) = 1. For z ∈ H, define

fχ1,χ2(z) :=
∑
ℓ≥1

∑
k≥1

χ1(ℓ)χ2(k)

ℓ
e(kℓz) (3)

and

ϕχ1,χ2(γ, z) := fχ1,χ2(γz)− ψ(γ)fχ1,χ2(z), (4)

where γ =

[
a b
c d

]
∈ Γ0(q1q2), ψ := χ1χ2, and ψ(γ) := ψ(d).
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Definition of Sχ1,χ2
(a, c)

By lemma 2.1 in [SVY20], ϕχ1,χ2 is independent of z ∈ H, which
allows us to define the newform Dedekind sum as follows.

Definition

[SVY20] Let χ1, χ2 be nontrivial primitive Dirichlet characters
modulo q1, q2, respectively, with χ1χ2(−1) = 1. Let

γ =

[
a b
c d

]
∈ Γ0(q1q2) with c ≥ 1. For any z ∈ H, the newform

Dedekind sum is defined by

Sχ1,χ2(a, c) :=
τ(χ1)

πi
ϕχ1,χ2(γ, z), (5)

where τ(χ1) is the Gauss sum given by
τ(χ1) :=

∑q1
n=1 χ1(n)eq1(n).
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Definition of Sχ1,χ2
(a, c)

As shown in [SVY20], we may alternatively define the newform
Dedekind sum by the equation

Sχ1,χ2(a, c) =
∑

j (mod c)

∑
n (mod q1)

χ2(j)χ1(n)B1

(
j

c

)
B1

(
n

q1
+
aj

c

)
,

(6)

where

B1(x) :=

{
x− ⌊x⌋ − 1

2 , x ∈ R \ Z
0, x ∈ Z

denotes the first Bernoulli function.
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Prior Work

In [DG19], Dillon and Gaston computed the finite Fourier
transform of (6) to obtain an asymptotic formula for the second
moment of Sχ1,χ2(a, c).

Theorem (Dillon, Gaston)

Let χ1, χ2 be nontrivial primitive Dirichlet characters modulo
q1, q2, respectively, with χ1χ2(−1) = 1, and let q1q2 | c. Then∑

a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2 = q1c
2+o(1). (7)

As remarked in [CY23], (7) shows that F (α,C) ≪ α−2C3+o(1),
which is better than (2) for α≫ C1/2+o(1).
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Prior Work

We now discuss the problem of bounding higher moments of
Sχ1,χ2(a, c) from above. Using (6), we obtain the trivial bound
|Sχ1,χ2(a, c)| ≤ q1c, which implies∑

a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r ≪ q2r1 c
2r+1. (8)
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Prior Work

On the other hand, Corbett and Young showed in [CY23] that

Sχ1,χ2(a, c) can have size proportional to
√

q1
q2
c. This shows

that, at best, ∑
a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r ≪r (q1/q2)
r c2r. (9)

We obtain a result in between (8) and (9).
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Results

Theorem

Let χ1, χ2 be nontrivial primitive Dirichlet characters modulo
q1, q2, respectively, with χ1χ2(−1) = 1, and let q1q2 | c. For
r ≥ 1, we have∑

a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r ≪r q
r
1c

2r log2r c.

In the case when r = 1, this yields a slightly sharper upper
bound than given in (7).
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Results

As an immediate corollary of our theorem, we obtain a bound
on the number of values of a (mod c) for which
|Sχ1,χ2(a, c)| ≥ m.

Corollary

If m > 0 and

Nc(m) := #{a (mod c) : |Sχ1,χ2(a, c)| ≥ m},

then

Nc(m) ≪r
qr1c

2r log2r c

m2r
. (10)

We can see this by applying our bound and rearranging∑
a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r ≥
∑

a (mod c)
(a,c)=1

|Sχ1,χ2 (a,c)|≥m

|Sχ1,χ2(a, c)|2r ≥ m2rNc(m).
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Results

We note that (10) is better than the trivial bound Nc(m) ≤ c
whenever

m≫r
√
q1c

1− 1
2r log c.

That is, our bound works best for large values of m ≤ q1c.
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Results

Finally, we obtain result complementary to Corbett and
Young’s theorem that provides a stronger bound on F (α,C) for
large values of α.

Corollary

We have

F (α,C) ≪r,χ1,χ2

C2r+1

α2r log4r C
,

which is stronger than (2) whenever

α≫r,χ1,χ2

C1− 1
2r

(log logC)
1
2r log2−

1
2r C

.
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Results

This can quickly be seen by applying (10) to get

F (α,C) =
∑
c≤C
q1q2|c

Nc(α log3C) ≪r
C2r+1

α2r log4r C
,

which is better than (2) if and only if

α≫r,χ1,χ2

C1− 1
2r

(log logC)
1
2r log2−

1
2r C

.
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Proof of Main Result

In [CY23], Corbett and Young substituted z = −d
c +

i
c ∈ H into

Sχ1,χ2(a, c) =
τ(χ1)

πi
ϕχ1,χ2(γ, z).

This yields γz = a
c +

i
c . Their reason for choosing this value of z

is because it maximizes

min{ℑγz,ℑz}.

This proved useful in obtaining upper bounds for fχ1,χ2 in
[CY23]. Thus, we follow a similar approach and show that it
suffices to bound

T (r, c) :=
∑

a (mod c)

∣∣∣∣fχ1,χ2

(
a

c
+
i

c

)∣∣∣∣2r (11)

to obtain our main result.
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Proof of Main Result

First, we show that

Lemma

∑
a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r ≤
2rqr1
π2r

T (r, c).

Proof.

We use the inequality

|x+ y|2r ≤ 2r−1(|x|2r + |y|2r),

substitute z = −d
c + i

c into the definition of Sχ1,χ2(a, c), use that
|τ(χ1)| =

√
q1, and then reindex the sum.
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Proof of Main Result

Lemma

We have

T (r, c) = c
∑

m,n≥2
m≡n mod c

exp

(
−2π(m+ n)

c

)
S(m)S(n),

where

S(n) :=
∑

t1+···+tr=n

λχ1,χ2(t1) · · ·λχ1,χ2(tr) (12)

and

λχ1,χ2(n) :=
∑
ab=n

χ1(a)

a
χ2(b).
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Proof of Main Result

Proof.

The proof of this involves the expansion∣∣∣∣fχ1,χ2

(
a

c
+
i

c

)∣∣∣∣2r = fχ1,χ2

(
a

c
+
i

c

)r

fχ1,χ2

(
a

c
+
i

c

)r

,

the orthogonality relations for additive characters

1

q

q∑
k=1

e

(
k(n− a)

q

)
=

{
1, n ≡ a mod q

0, otherwise,

and rewriting ∑
ℓ1k1+···+ℓrkr=n

χ1(ℓ1 · · · ℓr)χ2(k1 · · · kr)
ℓ1 · · · ℓr

as S(n).
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Proof of Main Result

Lemma

S(n) ≪r n
r−1 logr n

Proof.

We use that |λχ1,χ2(n)| ≤ d(n), where d(n) :=
∑

ab=n 1 is the
divisor function, use the bounds

∑
t1+t2=n d(t1)d(t2) ≪ n log2 n

and
∑n−r+1

t1=1 d(t1) ≪ n log n, and then induct on r.
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Proof of Main Result

Lemma

For integers k,m ≥ 0, we have∑
n≥2

exp

(
−4πn

c

)
nk logm n≪k,m ck+1 logm c.

Proof.

This follows by bounding

M∑
n=2

exp

(
−4πn

c

)
nk logm n,

∑
n≥M+1

exp

(
−4πn

c

)
nk logm n

where M ∈ N, M > k+m
4π c, and M ≪k,m c.
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Proof of Main Result

Lemma

T (r, c) ≪r c
2r log2r c

Proof.

This follows by applying our formula for T (r, c), our bound for
S(n), the bound

(n+ cj)r−1 logr(n+ cj) ≪r n
r−1 logr n+ (cj)r−1 logr c

+ (cj)r−1 logr j,

and the previous lemma.
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Proof of Main Result

Combining this result with our first lemma∑
a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r ≤
2rqr1
π2r

T (r, c),

we obtain our main result

Theorem

∑
a (mod c)
(a,c)=1

|Sχ1,χ2(a, c)|2r ≪r q
r
1c

2r log2r c.
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Further Work

Asymptotic formula for higher moments

Improve the bound S(n) ≪r n
r−1 logr n

Asymptotic formula for S(n)
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