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ABSTRACT. We establish quantum dynamical upper bounds for quasi-periodic
Schrédinger operators with Liouville frequencies. Our approach combines
semi-algebraic discrepancy estimates for the Kronecker sequence {na} with
quantitative Green’s function estimates adapted to the Liouville setting.

1. INTRODUCTION

In this paper, we study the quantum dynamics of the one-dimensional dis-
crete Schrodinger operators. It is well-known that the solution of the time-
dependent Schrédinger equation i0,) = Hp is given by ¥(t) = e )(0).
For simplicity, we assume that the initial conditions ¥(0) = ¢ has compact
support. The position operator is defined as

(X)(n) = ny(n).
To describe the evolution of 1 (t), we focus on the time-averaged p'® moment
of the position operator defined via

(Xul)D)i= 7. [ T, X Poer

Thus the growth of T'+— (| Xy[7)(T') reflects the speed of which the particles
spread out.

In particular, we consider the quasi-periodic Schrodinger operators H = Hy
on (*(Z),

(H9¢)n = ¢n+1 + wnfl + )\V(Q + nO&)wna

where V' € C¥(T,R) is the potential, A is the coupling constant, § € T the
phase, and o € R\ Q is the frequency. The quantum dynamical behavior of Hy
depends heavily on the arithmetic property of the frequency « [Las96, GSB99,
J722, LP22]. We say « is Diophantine if ||na||p = n|n|~" for some n > 0,7 > 1
where || - |7 := dist(-,Z). We say « is Liouville if it is not Diophantine.

It has been shown that in the regime of large coupling A and Diophantine
frequency «, the quantity (|X He\g}(T) remains finite for almost every 6, and
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2 QUANTUM DYNAMICS WITH LIOUVILLE DISCREPANCIES

we achieve the so called dynamical localization, see [BouOba, GYZ23, BJ0O0,
JKL20]. However, dynamical localization fails to hold for generic 6 € T [JS94,
JL24, JLM24]. As a result, studying the growth of (| X4, [5)(T) uniformly in
0 becomes significantly more challenging and interesting.

For Diophantine frequency a, the growth behavior of (|Xg, [;)(T') has been
investigated through various methods. For instance, Damanik—Tcheremchantsev
[DT07, DT08] proved an upper bound of T¢ for trigonometric polynomial
potentials using the transfer matrix method. Han-Jitomirskaya [HJ19] es-
tablished a power-logarithmic bound (logT)¢ for a family of ergodic poten-
tials. Powell-Jitomirskaya [JP22] further proved a power-logarithmic bound
(log T)¢ by combining the large deviation theorem for transfer matrices with
techniques from Damanik—Tcheremchantsev [DT07, DT08]. Additionally, Jit-
omirskaya—Liu [JL21] introduced a new approach based on Green’s function
estimates at suitable scales, which works for long-range operators. For Dio-
phantine frequencies, they established an upper bound of the form 7. More
recently, Shamis—Sodin [SS23] developed a method applicable to operators on
Z4(d > 1), using quantitative Green’s function estimates from [Liu22].

In [Liu23], Liu established quantum dynamical upper bounds for long-range
operators on Z? based on the sublinear bounds for the semi-algebraic discrep-
ancy:

#{|n|] < N:0+namodZ c O} < N7,

where O is a semi-algebraic set with suitable complexity. In [LPT*25 LPW24],
the authors further developed this approach by applying tools from analytic
number theory to analyze the discrepancy of semi-algebraic sets in the setting
of quasi-periodic operators with multi-frequency shift and skew-shift poten-
tials.

All known results establishing power-logarithmic upper bounds of the form
(log T)¢ crucially rely on the Diophantine condition for . This naturally leads
to the question: what is the growth behavior of (| X4, |[})(T) when a is Liou-
ville? For Liouville frequencies, sublinear discrepancy bounds fail, rendering
the methods of [Liu23, LPT*25, LPW24] inapplicable.

A key observation in this work is that the existence of just one suitably
chosen box of the Green’s function is already sufficient to obtain a power-
logarithmic bound of the form (logT)®. In contrast, the earlier result by
Jitomirskaya-Liu [JL21] achieved only a 7° bound under a similar one-box
assumption.

In this paper, we first prove a general criterion (Theorem 3.1) for deriving
quantum dynamical upper bounds. Notably, this criterion applies even to
long-range operators without underlying dynamical systems. The criterion is
based solely on the existence of a single suitably chosen box of the Green’s
function.
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We then turn to discrepancy estimates for shift dynamics {na} on semi-
algebraic sets in the case of Liouville frequencies. As a consequence, we verify
the existence of a box of the desired Green’s function, extending the sublinear
bounds known in the Diophantine case to a weaker, yet still effective, setting.

As applications to quasi-periodic operators, we obtain the following results:

Theorem 1.1. Let V € C¥(T,R) be non-constant and ¢ € (*(Z) be compactly
supported. Let n > 0,7 = 1. Suppose that o € R satisfies

lnalr = nin|™"  for alln € Z \ {0}.

Then there exist constants Cy > 0 and A\g(V) > 0 such that if X > Ao, the
following holds. For any p > 0,e > 0, there exists Ti(«,V, ¢, p,e) > 0 such
that for T > T,

sup(| X a, [5) (T') < (log T)P<07*=,

0eT

Theorem 1.2. Let V € C*(T,R) be non-constant and ¢ € (*(Z) be compactly
supported. Letn > 0,k > 0,7 > 1. Suppose that o € R satisfies

|nal|r = ne="te D)™ for alln € Z\ {0}.

Then there exist constants Cy > 0 and A\g(V') > 0 such that if X > \g, the
following holds. For any p > 0,e > 0, there exists To(a, V, ¢, p,e) > 0 such
that for T > T5,

sup((Xi £)(T) < exp (pi(Ca -+ <) (loglog 7).
0eT

Theorem 1.3. Let V € C*(T,R) be non-constant and ¢ € (*(Z) be compactly
supported. Letn > 0,k > 0,0 <y < CLO Suppose that o € R satisfies

|nallr = ne™"™"  for alln € 2\ {0}.

Then there exists constant \o(V') > 0 such that if A > Ao, the following holds.
For any p > 0, > 0, there exists T3(«, V, ¢, p,e) > 0 such that for T > Tj,

sup(| X, [5)(T) < exp (p(log T)C‘”J“‘:).
9eT

Remark 1.4. In Theorem 1.1, 1.2, and 1.3, the constant Cy = 5C', where
C > 1 is the constant C'(d) from Lemma 2.5 when d = 1.

Theorem 1.1 is not new; it was previously established in [JL21, Liu23, JP22,
LPT*25]. In fact, those works provide stronger versions with explicit esti-
mates on the constants, which our approach does not yield. However, we
include the result here to demonstrate the flexibility and effectiveness of our
method. Theorems 1.2 and 1.3 are new. In the same setting, we note that
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Damanik—Tcheremchantsev [DT07, DT08] proved an upper bound 7%. Theo-
rems 1.2 and 1.3 thus provide quantitative estimates for this 7 in the case of
Liouville frequencies.

2. PRELIMINARIES

2.1. Transfer matrix and Lyapunov exponent. Denote by Cy(T,R) the
space of real-valued bounded analytic functions on the strip {6 : |36 < h}.
For any V € Cy(T,R), define

[Vln = sup [V(6)].

|S0|<h
Let C¥(T,R) := Uh>0 CY(T,R).
Denote
SV (0) = (E Vi) _01> |

For any finite interval A = [z, 23] C Z with 21 < x9, define the transfer matrix
from x; to x5 as

Ma(0) = ] 20+ ka).
k=xz0—1
Let Hp(0) := RyHgR), where R, is the projection onto A. In particular, for
A =1[0,N — 1], denote Hy(0) := Hjony-11(8) and My (6) := Mo n_11(6).
It is straightforward to verify that
My, 22)(0) = Myy—zy41(0 + 2100).
For N > 1, it is well-known (see [Bou0bal) that
My(0) = det(Hy(0) — E) —det(Hy_1(0 +a) — F)
NI \det(Hy_1(0) — E) —det(Hy_o(0 + ) — E) )’

with the convention det(Hy(0) — E) := 1 and det(H_,(¢) — E) := —1.
Define the finite-scale Lyapunov exponent as

1
Ly(E) = N/TlogHMN(@)HdG,

and the Lyapunov exponent as
L(E):= lim Ly(FE).
N—o0

(1)

We recall the following result due to Furman:

Lemma 2.1 ([Fur97]). Let « € R\ Q and V € C¥(T,R). Then

1
lim sup — log || Mx(8)|| = L(EF).
Jim_sup 1 log M (6)| = L(E)
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The following lemma provides a criterion for the positivity of the Lyapunov
exponent.

Lemma 2.2 ([Bou05b]). Let o« € R\ Q. Suppose Ve C¥(T,R) is non-
constant. Then there exists A\o(V') > 0 such that for all X > X,

1
L(E) > Elog)\ for all E € R.

Remark 2.3. According to the Thouless formula, Lemma 2.2 in fact yields
that L(z) > 1log A for all z € C.

2.2. Green’s Function. For z ¢ o(Hy), the Green’s function of Hy at z is
defined by

G(z,0) = (Hy — 2I) 7,
and for a finite interval A, define

GA<Z,9) = (HA(Q) — Z[)fl.

By Cramer’s rule, for A = [z1, 2] with 1 < x5 and 1 < m < n < z9, we
have
det(Hp—z, (0 + z100) — 2) - det(Hyy—n (0 + na) — 2)
G 0 = ! 2 .
A('Zv )(man) det(HA(G) _ Z)

Using (1), it follows that
M@+ 210)] - [Mopn @)y
| det(HA(0) — 2)|

|G/\(270)(m7 n)| <

2.3. Semi-algebraic sets.

Definition 2.4 ([Bou05a]). We say S C R? is a semi-algebraic set if it is
a finite union of sets defined by a finite number of polynomial inequalities.
More precisely, let {P;, P,---, P;} be a family of real polynomials to the
variables = = (x1,x9,- -+ ,x4) with deg(FP;) < g fori=1,2,---,s. A (closed)
semi-algebraic set § is given by the expression

S=J{z eR: P(a) ¢ 0}, (3)
j tec,
where £; C {1,2,---,s} and ¢y € {>, <,=}. Then we say that the degree of
S, denoted by deg(S), is at most sq. In fact, deg(S) means the smallest sq
overall representation as in (3).

The following lemma has been stated in [Bou05a], where the author men-
tioned that it follows from the Yomdin—-Gromov triangulation theorem [Gro87,
Yom87]. For the history and the complete proof of the Yomdin-Gromov tri-
angulation theorem, see [BN19].



6 QUANTUM DYNAMICS WITH LIOUVILLE DISCREPANCIES

Lemma 2.5 ([Bou05a]). Let S C [0,1]¢ be a semi-algebraic set of degree B.
Let € > 0 be a small number and Leb(S) < €?. Then S can be covered by a
family of e-balls with total number less than B¢ @l

2.4. Discrepancy.

Definition 2.6 ([DT97]). Let {z,}2Y_, be a sequence in [0, 1]¢. The discrep-
ancy of x, is defined as

1<n<N:x,el
Dny(x,) = sup #1 n T €1}
I€R N

where R denotes the family of all axis-aligned rectangles in [0, 1]¢.

— Leb(I)|,

In particular, for z, = 0 + na mod Z, we denote by Dy(«) the discrepancy
for short. The Erdés—Turdan—Koksma inequality provides an upper bound for
discrepancy.

Theorem 2.7 ([DT97, Erdés-Turan-Koksma Inequality]). Let {z,}Y_, be a
sequence in [0,1]% and M € N be arbitrary. Then

3\%/ 2 1 |1 &
D . < e - 27mi{m,xn )
o< (5) (st 2 ramlv

0<|m|<M

where r(m) = H?Zl max{1, |m;|} and |m| = maxj<;<q|m;

3. CRITERION FOR QUANTUM DYNAMICS

In this section, we establish a criterion for quantum dynamical upper bounds
based on Green’s function estimates on the suitable scales. The following
criterion works for the bounded self-adjoint long-range operators on %(Z).

Theorem 3.1. Let {V,,} € (*(Z) be a real sequence, and consider the long-
range operator

(Hw)n = Z Amd’n—m + Vnwn7

where A, = A_,, and |A,,| < Cre=™ for all m € Z. Assume that o(H) C
[—K + 1, K — 1] for some K > 3.

Let ¢ € (*(Z) with supp ¢ C [—M, M]. Suppose that for every |[N| = Ny,
there exists an interval I C [—@, _|4ﬂ] NZ orl C [%, @] NZ satisfying the
following conditions:

(1) There exists a monotone increasing function W : RT™ — RY such that
7] = W(|N]) > (log [N|)*, (4)

for some constant Cy > 1.
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(2) There exists 0 < co < ¢ such that for any z = FE + ie with |F| < K
and 0 < € < €,

1G1(2)(m,n)| < el for all |m —n| > % (5)

Then for any p > 0, there exists Ty = To(M, K, Cy, Cy, ¢y, c2, €9, p) such that

for all T > Ty,
Xylk < | —801 ’
(IXule)(T) < logT )|

2

where T : RT — R™ is the inverse function of V.

Proof. Let z = E+ % where |E| < K and T > 0. Recall the following lemma
essentially proved by Jitomirskaya—Liu [JL21].

Lemma 3.2 ([JL21, Lemma 2.3]). Assume for some interval I with I C
[—@,—%] or I C [%, %], (5) holds. Then for any |j| < M
G(2)(J, N)| Sever Them 3.
By Lemma 3.2 and (4), for any [j| < M and |n| > Ny,

G(2) (G, )| Scye Te =M, (6)
where c3 = 2. Denote
2

= / e*QT/T|<(5n, efiTH5j>|2d7_.
0

a(j,n,T) = T

According to Parseval’s identity (see [DF22]), one has

a(j,n,T) = /\G (,n)*dE.
Since Y, 7 |[(0n, e T1§;)|? = 1, one has
Za(j,n,T):l for any [j| < M. (7)
nez

By (7), for any R > 1

uld@) < (X + X ) X Pation.7)

In|<R  |n|ZR7 |jl<M (8)

Su B+ DY Y nfa(in,T).

l71<M |n|>R
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By the Combes-Thomas estimate (see [Aiz94]), for sufficiently large |n|,

a(j,n,T) < %(/|E|2K+/|E|<K)!G(z)(j,n)|2dE

(9)
S geeta g [ GG P
T T Jipi<x
where ¢4 > 0 is a universal constant. By (6), we have
1 ) —2¢3%(|n
7| IGENGMPAE Soy o TTe 20 (10)
|B|<K

Combining (8), (9) and (10), we get

1 —cn —2c3¥(|n
(| Xulp)(T) Sak.cre B+ T Z In|Pecslnl 4 77 Z n[Pe=2es(In)

[n|>R [n|>R

SMKCrey RE+T7 Z In|Pe~2ca¥ (i)

[n|>R
Choose R such that U(R) = %log T, that is R = F(%log T). Hence for
sufficiently large T' > To(M, K, Cy, Cy, c1, c3, €9, D),
4 p
(xu®) < [r( o) |
C3
This finishes the proof. O
In particular, we are interested in the following W(-).
Corollary 3.3. Under the assumptions of Theorem 3.1, if U(-) takes the form
U(N)=N°

for some § > 0, then for any € > 0, there exists Ty = T1(To, d,¢) > 0 such that
for all T > Ty,

(IXulE)(T) < (log T) 5.
Corollary 3.4. Under the assumptions of Theorem 3.1, if U(-) takes the form
U(N) = exp <5(10g N)"),

for some §,0 > 0, then for any e > 0, there exists To = Ty(Tp,d,0,¢) > 0 such
that for all T > T,

1+e¢ 1o
(a2 () < exp (5= ogtonT) .
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Corollary 3.5. Under the assumptions of Theorem 3.1, if U(-) takes the form

T(N) = (log N))

for some 0 < § < 1, then for any € > 0, there exists T

that for all T > T3,
(IXul2)(T) < exp (paog T)‘”E).

4. DISCREPANCY ESTIMATES

We first prove a few fundamental results regarding discrepancy estimates

Theorem 4.1. Let ® : R™ — R" be such that ®(t)/t is monotone increasing

) for some p > 0. Let u i= maxyep , P(t) < 0o. Let a € RY satisfy

on [p, o0
[{n, a)llx > ——— (| y forany n € Z*\ {0}
Then for any M = p,
1 1 ®(M)log(®(M))(log M)4
< - 4 =
DN(OZ) T NN M + N -+ MN .

Proof. Without loss of generality, we assume p >

M € N we have
1 1= 1|
D < - - 2mik(m,a)
(@) S ‘M + N 2—1 r(m) ;e ’
where 7(m) = []%, max{1, |m;|} and |m| = max;<;<q|m;|. Since
N
™ S min{N, [},
k=1
we have
A R R 1 < 1
- mik(m,a) | < -
N 2wl SN 2 ) el S
and thus
111 & 1 1 1 S
Dy(a) S + =+ = = =0
(@) S 37 T Nﬂ;pr(m) m,e)lr "M "N N
Let r = (ry,-+ ,rq) € N such that

1 log M
ng<ri< ng for each 1 <7 < d.

log2 ~ log

= T3(T0,9,¢) > 0 such

(11)

2. By Theorem 2.7, for any

(12)
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Fix any r and denote

T, :={m¢€ VAR ARERS |m;| < 2" for 1 <@ < d}.
Thus

> Z H m a)Hnr

r meTy,

< 22 Z; 1(ri—1) Z || o ||T

meT,

(13)

Without loss of generality, we assume r satisfies r; = |r|. By (11), for any
m € T, we have the estimate

1 < 1
®(|Im[) ~ @(2n)°
Define A = ®(2™). We need the following result:

[{m, )|l =

Lemma 4.2. For alll < |A], there are at most 2%+ points m in T, satisfying
the inequality
IATY < |[(m,a)|lr < (T +1)A™L

Proof. Otherwise if there exist (247! + 1) points, then either there will be
(24 4+ 1) points satisfying
[{m, a)llx = {(m, )},

or there will be (2¢ + 1) points satisfying

[{m, @)llr =1 = {(m, )}

In either case, there exists a hyperoctant of Z¢ such that at least two points
m,m’ among (2¢ + 1) points are located in this hyperoctant, which means

mym; >0, forall j =1,--- ,d.
It would follow that
0<|m—m/|<2m!
and
[{m —m’, ) |lr < {{m —m',a)}

= [{(m, a)} = {(m', a)}|

= [[l{m, eIz = [[(m, ) |||
<AL
Using (11), we arrive at
1 1

[$m =m"selllr > Fr—0y > 3@ —
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which is a contradiction. O

From Lemma 4.2, we see that
1 (A]

1
T Sa A ) 5 SaAlog(A).
2 T ol 2227

Substituting the above estimate into (13) then yields
logo M
SoSa Y, 27 Alog(A)(log M)*.
ri=log, p

By the assumption that ®(t)/t is monotone increasing, we thus have

So Sa M™10(M) log(®(M1)) log M) (14
Substituting (14) into (12) gives
1 1 ®(M)log(®(M))(log M )4
D < — 4 = .
@) Spma 3T ¥ MN
This finishes the proof. 0

In particular, we are interested in the following cases.

Corollary 4.3. Letn > 0,7 > 1. Let a € R? satisfy
|(n, @)||r = nln|™ for alln € Z%\ {0}.
Then for sufficiently large N,
D) Sy N (10g NYH.
Proof. Let ®(t) = n~'t7. Then ®(t)/t is monotone increasing on [2, c0). Apply
Theorem 4.1 with (M) = N, that is,
M = (nN)'7,
we have

1 1 log N(log M)?
D < BT M = Sl St A
N (@) Savn 37 T M
Sanm N7V 7(log N4,

Corollary 4.4. Let n > 0,k > 0,7 > 1. Let a € R? satisfy
[{n, ) ||r = ne "1oe D™ for alln € 74\ {0}.
Then for sufficiently large N,

1 1/v
Dy(a) Sanpm (log N) 7 exp { - (E log N ) } :
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Proof. Let ®(t) = n~'er1°8")”  Then there exists p (depending on &, ) such
that ®(t)/t is monotone increasing on [p, c0). Apply Theorem 4.1 with (M) =

N, that is,
1 1/y
M = exp [(—log(nN)> }7
K

1 1 logN(logM)?
Dy(a) Sk vivt

1 1/
Saumom (log N) T4 exp [ N <E log N) ] :

we have

Corollary 4.5. Letn >0,k > 0,0 <y < 1. Let a € R? satisfy
|(n, a)||r = ne™™™"  for all n € 74\ {0}.
Then for sufficiently large N,
Dy(a) Sanpy (log N)™ K

Proof. Let ®(t) = n~te™". Then there exists p (depending on &,7) such that
®(t)/t is monotone increasing on [p,00). Apply Theorem 4.1 with ®(M) =

VN, that is,
1 1/~
M= (;logmm) |

we have

1 1 log N(log M)?
DN(a) Sd#@”y,n M + N M—\/N
Sd,n,'y,n (lOg N>71/’y'

O

The following semi-algebraic discrepancy estimate is useful and will be ap-
plied repeatedly.

N—o0

Theorem 4.6. Suppose Dy(z,) < Yy —— 0. Let S C [0,1]¢ be a semi-
algebraic set with degree B and Leb(S) < Yy. Then

#{x, € S} < 2B NY/.
Proof. Let € = Y]\l,/ 4. Then
Leb(S) < Yy = €.
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By Lemma 2.5, the set S can be covered by at most B¢@e'~? balls of radius
€. Let D be one such ball. Then by the definition of discrepancy,

#{x, € D} < NLeb(D)+ NDy(a) < 2NYy.
Summing over all such balls, we obtain
#{z, € S} < 2B°INY,
This finishes the proof. U

Theorem 4.6 was proved for Yy = N~° with ¢ > 0 in [Liu22].

5. LARGE DEVIATION THEOREM FOR LIOUVILLE FREQUENCIES

Since we are interested in quantum dynamics with Liouville frequencies, we
will need the following large deviation theorem for transfer matrices, which
holds in the Liouville setting.

Theorem 5.1 ([HZ22]). Let « € R\ Q and V € C¥(T,R). There exist
constants ¢,(V, h),é(V,h) € (0,1) such that, if '

< ¢y inf L(E),

0<Bla) <& BUs (E)

there exists N1 = Ny(a,infgepap L(E), V,h) > 0 such that for any N > Ny,
the following large deviation estimates hold uniformly in E € [a,b]:

(1) If 0 < L(F) < 1, then
Leb {9 : ‘%log | My (0)] — LN(E)‘ > —L(E)} < emLBN,
(2) If L(E) > 1, then

1 1 .
Leb {6’ ; ‘Nlog |Mn(0)] — LN(E)‘ > WL(E)} < e GL(E)?N

Remark 5.2. In fact, 1—(1)0 in Theorem 5.1 can be replaced by any 0 < k < 1.
See Remark 1.2 in [HZ22].

The conclusion of Theorem 5.1 remains valid for complex energies E + e,
where E € [a,b] and |¢| < € for some sufficiently small ¢y > 0 because the proof
of Theorem 5.1 only involves the subharmonicity of the Lyapunov exponent.
More precisely, we have the following:

log |[kolz

'Recall that 8(a) = lim SUD k| 00 — R
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Corollary 5.3. Under the same assumptions as in Theorem 5.1, there exist
Ny = Ni(a, V,a,b) > 0 and ¢y = €p(, V,a,b) > 0 such that for any N > Ny,
the following holds uniformly for z = E + ie where E € [a,b] and |e| < €:

Leb {«9 :

With Theorem 5.1 and Corollary 5.3 in hand, we deduce the following large
deviation theorem for Green’s function in the Liouville setting.

Theorem 5.4. Let « € R\ Q and V € Cy¥(T,R). There exist constants
¢1(V h),é(V,h) € (0,1) such that, if

0<Ba) <& inf L(E),

E€[a,b]

there exist Ny = No(a, V,a,b) > 0 and ¢y = €y(a, V,a,b) > 0 such that for
any N = No, and z = E +ie with E € [a,b] and |¢| < €, the following holds.
There exists a subset O C T (depending on z) with

Leb(Oy) < e @EEHENHD  deg(@y) < L(2)2N?,
such that for any 6 ¢ Oy, one of the intervals
A=[-N,N;[-N,N —1];[-N + 1, N];[-N + 1, N — 1]

1
Nlog | My (0)|| — Ln(2) 100

1 ~
> —L(z)} < e L@N,

will satisfy

A
|GA(2)(m,n)| < @—%L(z)lm—nl, for any |m — n| > %

Proof. By Corollary 5.3, for any N > Ny(a, V,a,b), there exists a subset Oy C
T with Leb(Oy) < e~2LEEN+) guch that for any 6 ¢ O,

1My (8)]] > ero0@VEDEE),
Then it follows from (1) that for one of the intervals
A=[-N,NJ;[-N,N — 1};[-N + 1, N|; [-N + 1, N — 1]
we have
det(Hy(0) — 2)| > Letm@N+DLE). 5
4

By Lemma 2.1 and the compactness argument, for any € > 0, there exists
N1 = Ni(«,V,a,b,e) such that for any N > N;, we have

sup | My (0) ] < M%), (16)
0eT

It follows from (2),(15) and (16) that for any 6 ¢ ©y, we have

|GA(0)(m,n)| < 10 ML) glMee=LGE)m=nl {1 any m, n € A.
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In particular, for any 0 ¢ O and m,n € A with |m —n| > |A|/20,
GA(0)(m, n)| < ez,
In the following, we estimate the complexity. Consider the property
|GA(0)(m,n)| < 10 ML) gl =LE)m=nl fo1 any m,n € A. (17)

Since V' € Cj/(T,R), we write V() = S ez Vie?™*?. Consider its Fourier
truncation V;(6) = Z|k|<C’N ™ where €' = 22 L(z). Then

sup [Vi(60) = V()] < [V [ne™ 2™ <[V [lpe ®HON,
9€T
By (1) and a telescoping argument, for any 1 < J < |A|, we have
sup|det(H;(0,V) — z) — det(H (0, V1) — 2)|
6eT

J

< sup HSV 0+ ja) — HSXl(HvLja)
6T
7j=1
\SUP|V1( ) = V()] Je!H+)
f€T
< e WINLG).

~

which implies for any 6 € Oy,
|GA(0, V) (m,n) — Ga(6, V1) (m,n)| < e OAILE),
Thus we may substitute V' by V; in (17), that is,

1
) det (Ha(Vi,0) = Bma| < et O] det (Ha(V4,0) = 2)], (1)

where M,, , denotes the (m,n)-minor of matrix M. Using the Hilbert-Schmidt
norm, we may consider the tighter inequality,

2
Z e2L(z)lm—n| <det(HA(V1> 0) — z)m”)
m,neA <19)
) 2
< _65*0|A|L(2)6|A|€(det(HA(‘/l, 9) - Z>> :

AN

Clearly, (19) is of the form
P (cos2m,sin 276) > 0,

where Pj is a polynomial with degree at most C’?N*. One further truncates
“cos” and “sin” by a Taylor polynomial of degree at most N, and get a tighter
inequality of the form

PQ(H) > 07
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where the degree of P, is at most C"2N5. Denote Oy, = {6 € [0,1] : P,(0) < 0}.
By the definition of the degree of semi-algebraic sets (see Definition 2.4), we
have deg(©%,) < C?N°®.

For any 6 ¢ Oy, it is easy to check that P»() > 0. Thus © C O and

Leb(©) < Leb(Oy) < o~ E2L(z)(2N+1)
Finally one may replace ©y by @_’N This finishes the proof. 0

6. PROOF OF MAIN RESULTS

We are now ready to prove our main results by combining the tools developed
in Sections 3, 4 and 5.

6.1. Proof of Theorem 1.1.

Proof. Fix a small ¢ > 0 and take NN sufficiently large. Let C' > 1 be the
constant C'(d) from Lemma 2.5 when d = 1. Define an interval I centered at
0 and of length |I| = N° with § = 5%0 —e. Set [; =1+ j for |j| < N.
Recall that for any ¢ € T, one has Hy,(0) = H;(0 + ja). Then for any
z=FE+%,
Gr(2,0) = Gr(z,0 + ja). (20)
By Lemma 2.2 and Theorem 5.4, there exists a subset ©; C T such that
Leb(0;) < e L@ and deg(0;) <, L(2)?|I]°, with the property that for
any 6 ¢ ©; and |m —n| > |1]/20,
(Gr(2,8)(m,n)| < e” 3@l =S,
Applying Theorem 4.6 and Corollary 4.3, for any 6 € T, we obtain
#{j]| <N: 0+ jamodZ € Or} <., (deg©7) NN (log N)?
S L(z)QcNH‘E"SC’%(log N)2
= O(N>7

which implies that there exists some |j’| < N such that 0 + j'a mod Z ¢ ©y.
Consequently,

log)\u—l

|G1(27 0 +j'oz)(m, n)| <e w0
Moreover, by (20) and |[;| = ||, it follows that
(G, (2,0) (m, )| < e 5 1,

Finally, applying Corollary 3.3 with U(N) = N° where § =
conclude

1
50 — & we

sup(| Xp, |Z>(T) < (log )0+,
9eT

This completes the proof. O
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6.2. Proof of Theorem 1.2.

Proof. We present only the essential steps, as the proof is similar to that of
Theorem 1.1.

Fix a small £ > 0 and take N sufficiently large. Let C' > 1 be the constant
C(d) from Lemma 2.5 when d = 1. Define an interval I centered at 0 and of
length

1| = exp [6(log N)l/ﬂ

()

Applying Theorem 4.6 together with Corollary 4.4, we obtain that for any
0eT,

with

#{lj)l <N :0+ jamod Z € ©;}

1 1/y
57,&,7} (deg @I)CN(log N)H% exp [ — (E log N) }
Soemh L(2)*° N exp [21loglog N — £(log N)'/7]
= o(N),
which implies that there exists |7/| < N such that
G, (2, 0)(m,n)] < e~ 1,
Applying Corollary 3.4 with W(N) = exp [5(10g N)l/ﬂ, we conclude
5C +¢ 7
X lg)(T) < ————loglog T
5916111?“ He|¢>>( ) < exp [p ((1//—{)1/7 og log ) }

< exp (p/{(50 +¢)7(loglog T)”).

6.3. Proof of Theorem 1.3.

Proof. We present only the essential steps, as the proof is similar to that of
Theorem 1.1.

Denote by C' > 1 the constant C(d) from Lemma 2.5 when d = 1. Since
v < %, fix a small € > 0 such that 5Cy +¢ < 1. Let N be sufficiently large,
and define an interval I centered at 0 with length

1] = (log N)',

where

0 =5CYy+e.
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Applying Theorem 4.6 in combination with Corollary 4.5, we obtain that
for any 0 € T,

#{7] <K N: 0+ jamodZ € O1} Senypy (deg O)° N(log N) 1/
Swamn L(2)* N(log N)'&
= o(N),
which implies that there exists |j’| < N such that
G, (2,0)(m,n)| < e~ Iy,

Applying Corollary 3.5 with W(N) = (log N)'/9 yields

sup (| X, [5)(T) < exp <p(log T)5CV+5>.
9eT

1
5
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