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Model Properties

Compartmental Matrix

The compartmental matrix of a linear compartmental model M is given by
A = (aij), where

aij :=



-k0i +
∑

{p|∃ edge: i→p}
−kpi, if i = j and i ∈ Leak∑

{p|∃ edge: i→p}
−kpi, if i = j and i /∈ Leak

kij, if i ̸= j and the model contains an edge j → i

0, if i ̸= j and the model does not contain an edge j → i

[1, Definition 2.6]

A =


−k21 0 0 k14
k21 −k32 0 0
0 k32 −k43 0
0 0 k43 −k14


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Model Properties

Input-Output Equations [1, Proposition 2.10]

The input-output equations for a compartmental matrix A are the system of
equations

det(∂In,n −A)yj =
∑

i∈Inputs

(−1)i+jdet((∂In,n −A)i,j)ui

where j ∈ Outputs, ∂ is a derivative operator, Ik,ℓ is the k by ℓ identity matrix,
and ((∂In,n −A)i,j) is the submatrix formed by removing the ith row and jth

column from (∂In,n −A).

Rewrite as polynomials in ∂

[cn∂
n + · · ·+ c1∂ + c0]yj =

∑
i∈Inputs

[di,n−1∂
n−1 + ...+ di,1∂ + di,0]ui

where each coefficient ck and di,k is a rational function of the rate parameters in
the system.
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Elementary Symmetric Polynomials

For a set S = {a1, . . . , an} ⊊ R, we define the kth elementary symmetric
polynomial on S as follows:
e0(a1, . . . , an) = 1
ek(a1, . . . , an) =

∑
1≤i1<i2<···<ik≤n

ai1ai2 . . . aik , where 1 ≤ k ≤ n

Example

e1(x, y, z) = x+ y + z
e2(x, y, z) = xy + xz + yz
e3(x, y, z) = xyz
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Elementary Symmetric Polynomials

Property 1

If S ⊊ R contains n elements, then∏
a∈S

(x− a) = e0(S)x
n + e1(S)x

n−1 + · · ·+ en−1(S)x+ en(S)

[(∂ + k21)(∂ + k32)(∂ + k43)(∂ + k14)− k21k32k43k14]y1

= [(∂ + k32)(∂ + k43)(∂ + k14)]u1

E = {k21, k32, k43, k14}
F = {k32, k43, k14}

[(∂4 + e1(E)∂3 + e2(E)∂2 + e3(E)∂ + e4(E))− e4(E)]y1

= [∂3 + e1(F )∂2 + e2(F )∂ + e3(F )]u1
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Coefficient Map

[∂4 + e1(E)∂3 + e2(E)∂2 + e3(E)∂]y1

= [∂3 + e1(F )∂2 + e2(F )∂ + e3(F )]u1

Given input-output equations for a model, we define a coefficient map
c̄ : RL+E → Rm mapping the model’s set of parameters to the vector(

cn, . . . , c0, d1,n−1, . . . , dk,0
)

where k is the number of inputs.

c̄ :


k21
k32
k43
k14

 7→


e1(E)
e2(E)
e3(E)
e1(F )
e2(F )
e3(F )


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Elementary Symmetric Polynomial Properties

Property 2

Let X = {x1, . . . , xn} ⊊ R be a set of unknown real numbers. Then, given the
values of each elementary symmetric polynomial {e1(X), e2(X), ..., en(X)}, there
exist n possible values for each variable xi. Furthermore, there exist n! total
possible solutions (x1, ..., xn).

Property 3

Let two sets F and G partition E ⊊ R.

ei(E) = ei(F ) + ei−1(F )e1(G) + ei−2(F )e2(G) + · · ·+ e1(F )ei−1(G) + ei(G)

e1(E)− e1(F ) = k21

Recall {e1(F ), e2(F ), e3(F )} are known.
By Property 2, k32, k43, k14 have 3 solutions (identifiability degree).
The model has 3! solutions.
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Result: Identifiability of Cycle Models
(In = {1}, Out = {i}, 1 ≤ i < n)

1 2

i

i+ 1

n

k21

i− 1

i− 1

ki+1,i

1n− i

u1

yi

k1nn− i

Identifiability degree is (n− i)!(i− 1)!
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Proof

1 2

i

i+ 1

n

k21

ki+1,i

u1

yi

k1n
E = {k21, k32, . . . , k1n}
F = {ki+2,i+1, . . . , k1n}

(∂I −A) =


∂ + k21 0 0 . . . −k1n
−k21 ∂ + k32 0 . . . 0
0 −k32 ∂ + k43 . . . 0
...

. . .
. . .

. . .
...

0 0 0 . . . ∂ + k1n


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Proof

 ∏
1≤ℓ≤n

(∂ + kℓ+1,ℓ)− k21k32 . . . k1n

 yi =

(−1)i+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−k21 ∂ + k32 0 . . . 0 0 . . . 0 0
0 −k32 ∂ + k43 . . . 0 0 . . . 0 0

0 0 −k43

.
.
.

.

.

.

.

.

. . . .

.

.

.

.

.

.

0 0 0

.
.
. ∂ + ki,i−1 0 . . . 0 0

0 0 0 . . . −ki,i−1 0 . . . 0 0

0 0 0 . . . 0 ∂ + ki+2,i+1 . . . 0 0

.

.

.

.

.

.

.

.

.

.
.
.

.

.

. −ki+2,i+1

.
.
.

.

.

.

.

.

.

0 0 0 . . . 0 0

.
.
. ∂ + kn,n−1 0

0 0 0 . . . 0 0 . . . −kn,n−1 ∂ + k1n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u1

[∂n + e1(E)∂n−1 + e2(E)∂n−2 + · · ·+ en−1(E)∂]yi =

k21k32 . . . ki,i−1[∂
n−i + e1(F )∂n−i−1 + · · ·+ en−i(F )]u1

Huneke Texas A&M University 14 / 20
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Proof

c :


k21
k32
k43
...

k1n

 7→



e1(E)
e2(E)

...
en−1(E)

k21k32 . . . ki,i−1

[k21k32 . . . ki,i−1]e1(F )
...

[k21k32 . . . ki,i−1]en−i(F )



Use right hand-side coefficients to exactly determine {e1(F ), . . . , en−i(F )}
Elements of F = {ki+2,i+1, . . . , k1n} have (n− i) solutions.

The identifiability degree of F is bounded above by (n− i)!
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Proof

Use induction to find each of {e1(B), . . . , ei(B)}, where
B = {k21, . . . , ki+1,i}

e1(E) = e1(F ) + e1(B)

e2(E) = e2(F ) + e1(F )e1(B) + e2(B)

...

ei(E) = ei(F ) + ei−1(F )e1(B) + · · ·+ ei(B)

Note ei(B) = [k21k32 . . . ki,i−1]ki+1,i

Reduce as above to find {e1(B \ {ki+1,i}), . . . , ei−1(B \ {ki+1,i})}.
Each of {k21, k32, . . . , ki,i−1} have (i− 1) solutions.
Identifiability degree of B \ {ki,i−1} is bounded above by (i− 1)!

Model identifiability degree is bounded above by (n− i)!(i− 1)!
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